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Abstract

The purpose of this paper is to give a positive answer to a new open question that
aimed to generalize previous open questions formulated by researchers in the field of
geometrical inequalities. In this sense we prove that in every acute triangle ABC from
a <b < cresulta® +mg <b* +my <c*+mg, where a € (2,2 -logs 2).

Keywords: geometrical inequalities, acute triangle, medians, bisectrices, altitudes

1 Introduction

Let us consider the acute triangle ABC with sides
a = BC,b = AC and ¢ = AB. In [1] appeared the
following open question due to Pal Erdds: “if ABC is
an acute triangle such thata < b < cthena + 1, <
b+ 1y < c+1.”, where l,,1,l. means the length of
the interior bisectrices corresponding to the sides BC,
AC and AB, respectively.

In [2] Mihdly Bencze proposed the following open
question, which is a generalization of the problem of
Pédl Erd6s: “determine all points M € Int(ABC),
for which in case of BC < CA < AB we have
CB + AA" < CA+ BB’ < AB + CC', where
A’,B’,C’ is the intersection of AM, BM, CM with sides
BC,CA,AB”. Here with Int(ABC') we denote the in-
terior points of the triangle ABC.

If we try for “usual” acute triangles ABC, we can
verify the validity of the Erdds inequality. But in
[3] we realized to obtain an acute triangle for which
the ErdSs inequality is false: let ABC be such that
¢c =10+ ¢€b = 10and a = 1, where ¢ > O is a
“very small” positive quantity. Using the trigonomet-
rical way combined with some elementary properties
from algebra and mathematical analysis we showed
that for this “extreme” acute triangle froma < b < ¢
results c + 1. < b+ 1.
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In [4] J6zsef Sandor proved some new geometrical
inequalities using in the open question of Pal Erdds
instead of bisectrices altitudes and medians.

In [5] Kéroly Dané and Csaba Ignat studied the
open question of Mihdly Bencze using the computer.

In connection with Erdds’s problem we formulated
the following open question: “if ABC is an acute tri-
angle such thata < b < cthena® + 12 < b* + 12 <
c?412”. In [6] we proved the validity of this statement.

At the same time we formulated another new open
question: “if ABC is an acute triangle such that a <
b<cthena®+ 12 < b +1} <c*+12 In[7] we
realized to find two acute triangles ABC such that in
the first triangle froma < b<c(b=a+¢,c=a+
2¢e with € > 0 a small positive quantity) we obtained
a* + 12 < b* + [}, but in the second triangle from
a<b<c(b=a+ec=ayv2withe > 0asmall
positive quantity) we deduced a* + 12 > b* + I}, So
the answer to our question is negative.

Next we denote by h,, hy and h, the length of the
altitudes of the triangle ABC, which correspond to the
sides BC, CA and AB, respectively. Then we can for-
mulate the following more general similar question,
replacing in the open question of Pal Erdds the bisec-
trices with altitudes: “if ABC is an acute triangle such
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thata < b < cthen a® + hy < b* + hy < c* + hY,
where o € R is a real number”. In [4] or [8] there is
showed, that this property is true for all « € R*, where
R* =R — {0}.

Next we denote by m,, m, and m,. the length of the
medians, which correspond to the sides BC, CA and
AB, respectively. Then we can formulate the following
more general similar question, replacing in the open
question of P4l Erdds the bisectrices with medians: "if
ABC is an acute triangle from a < b < c it results
a® +my < b* +my < c* 4+ mg, where o € R”.

We mention, that this property is not obvious, be-
cause a < b & a? < b2 & 2(a? +32) - b <
2(b*+c?)—a? & \/2(““22)4’2 < \/2“’2*22)"‘2 &
mp < Mg,

Similarly b < ¢ < my > me.

If @ = 0, then is immediately that our problem is
false.

The above proposed problem is solved in [8] for
a € {1,2,4} and we obtained that for « = 1 it is
false and for « = 2 and o = 4 it is true. In [9]
we showed for o = 8, that our question is false, and
in [10] we proved that for o = —2 our inequality is
false, too. In [11] we obtained for « = 2n,n € N,
n > 3, even natural numbers that our statement is
false. In [12] we showed for @ = 2n + 1,n € N,
n > 2 odd natural numbers that our affirmation is
false. In [13] we proved for « = —2n,n € N*, neg-
ative even integer numbers, that our statement is not
valid. In [14] we proved for « = —2n — 1,n € N,
negative even integer numbers, that our statement is
not valid. In [15] we showed that our open question is
false for every positive rational number o« = p € Q4

and @ = £ > logs (5)%. In [16] we showed that our
open questlon is false for every negative rational num-
ber a = % eQ-_.

2 Main part

The purpose of this paper is to study this open ques-
tion for o € (2,2 - log 2) and we obtain

Proposition 1. If a € (2,2 - logs 5) then for every
acute triangle ABC' from a < b < c results a® +
mg < b* +my <c* +mg.

Proof. Using the cosine theorem ¢? = a? + b? — 2
a - b-cosC the triangle ABC is acute if and only if
c? < a® + b Thismeans a < b < ¢ < Va2 + b2.
We divide these inequalities by a and we denote x =
g,y = Zsowegetl <2 <y < V142 We
have the following sequence of equivalent inequalities:
a®+my < b* +mf & a* + (7v 2(I)QJFCZ)_QQ)" <
be 4 (./2(a2.;_cz)_b2) a1 [2(z? +y 2)—1] Bl < zo 4+
5

% Forafixedy > 1 we cons1der the func-

- : _ oo [2(1+y?)—2?] %
tion f: [1,y] = R, f(z) = o® — 14+ 51— —

@12 We will show f/(z) > 0 for every

€ (1,y), which means that f is strictly monotone
increasing function, so f(z) > f(1) = 0 and our in-
equality is true. We get f/(z) >0 < a-2*" 1+ §
2049") a3 gy o RIS gy
0 & 2% 2972 > [2(1 + y?) — 2?]2 71 + [2(2? +
y?) — 1]2~1 . 2. But we have 2(1 + 3?) — 22 <
21 +1+2?) — 2% = 4+ 2% < 422 + 2% = 522
and2(2?+9y?) -1 <2(2?+1+2?)—1 =42’ +1<
422 + 22 = 522 In order to prove the inequality
20 2072 > 2(1+¢°%) — 2?37 + 202 +97) -
1]% 1.2 is enough to show the validity of the inequal-
ity 202972 > (5-22)2 1+ (5.22)5 1.2 & 29 >
(V5)* 2+ (VB 2.2 a<2- logs 2. Conse-
quently if a < 2-logs s
b* + my'.

We have the following sequence of equivalent
inequalities: b* + my < c¢* + my & b +

(72@2;62)472)0‘ <t (Y Q(QZ;bz)ch )Y e 4

5 < o [2(1—&-3622()!—3/2]%

then results a® + m§ <

W . For a fixed

y > 1 we consider the functionf 1y = R, f(x) =
yo — a0 4 RO AR e gy
show f/(z) < 0 for every z € (1,y), which means
that f is strictly monotone decreasing function, so

f(z) > f(y) = 0 and our inequality is true. We get
F(z) <0e —a-a20~ 1+Q.M (4z) —

%.[2(1%—712]21(2I)<0<:>20‘.z04*2>
2(1 + 22) — 9?1271 2 4+ [2(1 + ¢?) — 25
But we have 2(1 + 2?) — y? < 2(1 + 2?) — 2% =
2+ 2% < 222 + 2% = 322 and 2(1 + ¢?) — 22 <
20 +1+2?) — 22 =4+ 22 <42® + 22 = 522 In
order to prove the inequality 2% - x*~2 > [2(1 +2?) —
y?]2 7124 [2(1 + y?) — 22]2 ! is enough to show
the validity of the inequality 2% - 2472 > (322)2 ! .

2+ (52?)2 71 & 2% > 2~(\/§)a 2 4 (V)2
For a > 2 we get (v/3)%72 < (v/5)%72, so the in-
equality 2¢ > 2 - (v/5)%72 + (v/5)*2 implies the
inequality 2® > 2 - (v/3)*~2 + (1/5)*2. But the so-
lution of the inequality 2 > 2 - (v/5)*~2 + (1/5)* 2
is < 2-logs 5. Consequently if o € (2,2 - logs 3)
then results b + my < ¢ +myg. O

3 Discussion and conclusion

Conclusion Our open question is false for « = 0,
a = 1, for every positive rational number o = 2 €
Q4 N (logs (2)2,+00) and for every negative ratio-
nal number a = % € Q_, but is true for a €
[2,2 - logs 3). In the next paper we will study our in-
equality for « irrational number.
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