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Abstract

The purpose of this paper is to give a negative answer to a possible generalization of
an open question raised by Pdl Erdds, concerning an inequality in acute triangles. We
prove here that from a < b < c does not follow a®* + 12 < v?F + lgk <k 412k in
every acute triangle ABC, nor the opposite chain of inequalities, where k € N k > 2
and a, b, c denotes the length of the triangles sites , while 14,1y, l. denotes the length
of the interior angle bisectors, as usual. We achieve this by constructing effectively
two counterexamples, one for each type of inequalities.
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1 Introduction

Let us consider the acute triangle ABC with sides
a = BC,b = AC and ¢ = AB. In [1] appeared the
following open question due to Pal Erdés: "if ABC is
an acute triangle such thata < b < cthena + 1, <
b+ 1y < c+1.", where l,, 1, . means the length of
the interior bisectrices corresponding to the sides BC,
AC and AB, respectively.

In [2] Mihdly Bencze proposed the following open
question, which is a generalization of the problem of
Pédl Erd6s: “determine all points M € Int(ABC),
for which in case of BC' < CA < ADB we have
CB + AA" < CA+ BB < AB + CC', where
A’,B’,C’ is the intersection of AM, BM, CM with sides
BC,CA,AB". Here with Int(ABC) we denote the in-
terior points of the triangle ABC.

If we try for “usual” acute triangles ABC, we can
verify the validity of the Erdds inequality. But in
[3] we realized to obtain an acute triangle for which
the ErdSs inequality is false: let ABC be such that
¢c =10+4+¢b =10and a = 1, where ¢ > O is a
“very small" positive quantity. Using the trigonomet-
rical way combined with some elementary properties
from algebra and mathematical analysis we showed

33

that for this “extreme" acute triangle from a < b < ¢
results c+ 1. < b+ 1.

In [4] J6zsef Sandor proved some new geometrical
inequalities using in the open question of Pal Erdds
instead of bisectrices altitudes and medians.

In [5] Kéroly Dané and Csaba Ignat studied the
open question of Mihdly Bencze using the computer.

In connection with Erd6s’s problem we formulated
the following open question: “if ABC is an acute tri-
angle such that a < b < cthen a® + 17 < b* + 17 <
c?412". In [6] we proved the validity of this statement.

At the same time we formulated another new open
question: “if ABC is an acute triangle such that a <
b<cthena®+ 12 < b+ 1} <+ In[7] we
realized to find two acute triangles ABC such that in
the first triangle froma < b <c(b=a+¢€,c=a+
2¢e with € > 0 a small positive quantity) we obtained
a* + 1% < b* + [}, but in the second triangle from
a<b< c(b=a+e,c:a\/§withe > ( a small
positive quantity) we deduced a* + 12 > b* + I}, So
the answer to our question is negative.
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2 Main part

We can formulate the following more general open
question using the problem of Pal Erd6s: "if ABC is
an acute triangle from a < b < cresults a® 4 [ <
b* + 1y < ¢ + 12, where a € R. We mention, that
this property is not obvious, because froma < b < ¢
results [, > I, > l.. If & = 0, then it is immediately
that our problem is false.

The purpose of this paper is to study this open ques-
tion for o = 2k, k € N — {0} even natural number.

Proposition 1. There exist acute triangles ABC with
a < b < ¢, such that for these triangles we have a** +
(1a)%F < b?* + (1,)%* for every even natural number
2k, k € N—{0}.

Proof. We have the following sequence of equivalent
inequalities: a?* + (1,)% < b** + ()% < (1,)% —
(1p)** < b?F —a®F & (12— 12) - [(10)*F 2 + (1) 2+
)2+ + (1) ()4 4 (1) 272 < (B2 — a?) -
e L B R )

. C 2—(12 ac-|(arc 2_p?
But [2 = bellbro) —a] [(Z;:C))z | and 2 = 7[((:;2)2 b7
s012 =12 = be— (B —ac+ (L = (b

a)+abc~[ﬁfﬁ] =c-(b—a)+ abc-
b—a)-[(b24ba+a?)+2c(b+a)+c?
S (1_+c-)~_2-(lzic)2( ajte] - (b—a)- [C + abc -
b2 +ba+a?4+2c(b+a)+c? ]
(a+c)?-(b+c)? :
This means, that a?* + (1,)%¢ < v** + (1,)% <
b2 +ba+a’4+2¢(b+a)+c? — _

[c+abc- + (::kc)i‘_-(bijﬁ)—i_ }'[(la)Qk 2+(la)2k 4.
)2+ + (la)? - ()4 + (1) 2] < (b+a) -
e L A R T

At the first we choose the acute triangle
ABC, such that b = a 4+ ¢ and ¢ = a + 2e,

where ¢ >
Then lim. (l,)? =

0 is a small positive quantity.
be-[(b+c)?—a?]

1ime~>0

(b+c)? -
. (a+e€)(a+2€)-[(a+etat2e)®—a?] _ 3a?
hme (a+e+a+2€)? - 4
lime_sql, fa
. c 2_ 32
limeo(Bp)? = lime telletd 2
a-(a €)|(at+a € 2— a-—r+e€ 2
lim,_, (a+2¢) [((a:a:i))z) (ate)?] _
3¢ Yime o ly = Y22 lim. 0 b = lim.o(a + €) =
2 2 2
a, and lim._o[c + abc - b +b?;_fc)j2(2(fj)g)+c | =
limgﬂo[(a + 26) +a-(a+¢€ - (a+ 2) -
(a+e) +(a+e)- a+a’+2- (a+2¢)- (a+e+a)+(a+2e)2] 3a
(a+a+2€)2-(a+eta+2¢)? 2
This means, that lim. .,g[c + abc -
b2 +ba+a’+2c(b+a)+c? — -
et L] [(1,)242 4 (1) - ()2 +
o (la)? - ()P (1)*F 2] < limeso(b + a) -

(b2F=2 L p2h=4. g2 .. 1 b? ,ie.
Ba. (VBey2k-2 .} < 90022k je ()2 <L

We can see immediately that the inequality
(@)2’c < 1is true for all & € N — {0}. Using the
definition of the limit we can conclude, that there ex-

ists a small positive real number ¢y > 0 such that
for the triangle AygByCy with BoCy = a, AgCy =

2k—4 + a2k72)
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b=a+e¢ and AgBy = ¢ = a + 2¢p we obtain
a® + (1,)%¢ < b?* + (I,)%F for every even natural
number 2k, k € N — {0}. O

Proposition 2. There exist acute triangles ABC with
a < b < ¢, such that for these triangles we have a* +
(1) > b* + (1,)* for every natural number k €
N k> 2.

Proof. Using the above presented sequence of ideas
we get similarly, that a2* + (1,)%* > v?* + ([,)? <

2 a a2 C a 62 — —
e abe- PR (1) 4 (1)
()2 + -+ (la)? - ()** + (1) 72 > (b+a) -

(02F=2 4 524 g2 4 1 b2 g

At the second we choose the acute trian-
gle ABC, such that b = a + € and ¢ =
av/2, where ¢ > 0 is a small positive quan-
tity. Then limeo(la)? = lim,_,o G —

(b+c)?
a-re€)-a ar€e€+a 7&2
(+)x(/;£(€+t})2f) L = (4-2v2)a

lime ol = V4 —2V2-a,

hl’ne—)O(lb)2 =
a-a\/2-[(a+av/2)?—
(a+av/2)?

2k—4 + a2k72)'

lim,_,q

ac-[(atc)>—b’]
(ato)?

= (4-2v2)-d?

lime,ol, = 4-2v2 - alime,0b =
lime,o(a + €) = a, and lim.olc + abe -

2 2 2
Potbata el ) — limeyol(av2) +a- (ate)-

. (a+€)?+(ate)-a+a’4+2-(av/?2)-(ateta)+(aVv?2)?
(a\@) (a+av2)2-(a+etav/2)? I=
(16 — 10v2) - a

This  means, that lim._o[c + abe
b2+ba+a2+2c(b+a)+02

(a+c)2-(b+c)? } ’ [(la)2k_2 + (la)%_4 ' (lb)2 +
ot (L) - ()2 + (zb)%—ﬂ > lime,o(b + a) -
(ka:—Z + b2k—4 a2 4+t b2 2k—4 + a2k—2) ie.
(16—10-v/2)-a-(v/4 — \/Ea)2k2k>2aa2k2k
ie. (16 — 10 -+/2) - (4 — 2/2)*=1 > 2. But for
k > 2 we have (16 — 10 - v/2) - (4 — 2y/2)F"1 >
(16 —10-v/2) - (4 — 2v/2) > 2.

So the inequality (16 —10-v/2) - (4 —2v/2)*1 > 2
is true for all k € N, k > 2. Using the definition of the
limit we can conclude, that there exists a small positive
real number €; > 0 such that for the triangle A; B;Cy
with 8101 = a,A101 =b= a+€1 and AlBl =C=
av/2 we obtain a®* + (1,)%F > b + (1,,)?* for every
even natural number 2k, k € N, k > 2.

hme—)O
(a+e) ]

lim._,q

O

3 Discussion and conclusion

Conclusion Proposition 1 and 2 show that using the
usual notations for the length of sides and the length of
the interior angle bisectors of an acute triangle, if we
suppose a < b < c then does not result a2 + 12F <
b2k + 128 < ¢ + [2* | nor the opposite chain of the
inequalities for any even values greater than 2 of the
exponents.
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