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Abstract

The purpose of this paper is to show a complex version for complex iterative functions
of a result for real iterative functions and to give some applications for complex non-

linear equations.
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1 Introduction

It is known the following result for iterative func-
tions on the real line, see for example [1] or [2]:

Theorem 1. ( general theorem for real iterative func-
tions) If ¢ is derivable on the interval J = [xg —
d, 29 + 0], § > 0 and the derivative function ' sat-
isfies the inequality 0 < |¢'(x)] < m < 1 for every
x € J and the point x1 = p(x¢) verifies the inequality
|x1 — xo| < (1 —m)J, then:

- we can form the sequence {xj, } e with the iter-
ative rule xx+1 = o(zk), k € N, such that for
every k € N we have xj, € J;

- there exists limy_, oo xp, = 2* € J;

- x* is the unique solution of the equation ¢(x) =
x in the interval J.

The purpose of this paper is to show a complex vari-
ant of this theorem.

2 Main part

Let us consider the closed disc B(w,r) = {z €
C/|z—w| < r} in the complex plane C, with center w
and radius 7 > 0. First we remember the Banach fixed
point theorem in the case of the closed disc B(w, ) :
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Theorem 2. Let ¢ : B(w,r) — B(w,r) be a con-
traction, i.e. there exists the constant oo € [0,1)
such that |¢p(z) — ¢(v)] < «a - |z — v| for every
z,v € B(w,r). Then the function ¢ has a unique
fixed point in B(w,r), which can be obtained as the
limit of the sequence {zy }ren given by the iteration
zp+1 = &(zk), k € N, for every zo € B(w,r).

Proof. Because B(w,r) C C is a closed disc in the
complex plane C, will be a Banach space, too. Now we
apply the Banach fixed point theorem for the function
¢ : B(w,r) = B(w,r). O

We say that the function ¢ : B(w,r) — C is
holomorphic function on the closed disc B(w,r), if
it is complex derivable in every complex point z €
B(w,r).If the point z is a boundary point of the closed
disc B(w, r), then we suppose that the complex func-
tion ¢ is defined on a small open disc with center z and
it is complex derivable in z.

Theorem 3. Let ¢ : B(w,r) — C be a holomor-
phic function on the closed disc B(w,r), and z,v €
B(w,r) two distinct points. Then there exist points
u,s € [z,v] = {t-z+ (1 —-1¢t) v/t € [0,1]} (
the line segment [z,v] C C with endpoints z and v )
such that Re¢/'(u) = Re(%) and Im¢'(s) =
Im(%), where Re() is the real part and Im/()
is the imaginary part of the complex function ¢.

Proof. See for example [3] or [4]. O



Theorem 4. ( general theorem for complex iterative
functions ) If ¢ : B(zo,r) — Cis a holomorphic func-
tion on the closed disc B(zp,7),20 € C,r > 0, such
that the derivative function ¢' satisfies the inequality
0<[¢'(x)] <m < gfor every z € B(zg,r) and
the point zy = ¢(zo) verifies the inequality |z1 — zo| <
(1 —+/2-m)-r, then:

- we can form the sequence {zy }ren with the iter-
ative rule zi11 = ¢(z), k € N, such that for
every k € N we have z, € B(zg,1);

- there exists the limit of the sequence {zy, } ey and
limg 00 25 = 2* € B(20,7);

- z* is the unique solution of the equation ¢(z) = z
in the closed disc B(zo,T).

Proof. Using theorem 3 for z € B(z,r) and

z # zp we get: |%ﬁfzo)\2 = R&(%ﬁf%)) +
Im?(HEZ80)) = Re2(g/(u)) + Im2(¢/(s)) <
Re*(¢'(w)) + Im*(§/(u)) + Re*(¢'(s) +

Im?(¢'(s)) = |¢'(w)* + [¢'(s)]>_< m? + m?
2 - m?2, 5o |p(2) — d(z0)] < V2-m - |z — 2
First we show that ¢(B(zp,7)) C B(zo,7), i.e. ¢ :
B(zg,7) — B(zp, 7). Indeed, for every z € B(zo, )
we obtain: |¢(z) — zo| = |#(2) — P(20) + 21 — 20| <
|6(2) = (20)|+|21—20| < V2:m-|z—z20]+]21—20] <
V2-m-r+ (1 —+2-m)-r = r. Using again
theorem 3 for every z,v € B(zg,7),z # v results
|p(2) — o(v)] < V2 -m - |z — v|. We choose
o' 2-m < 1 and the complex function
¢ : B(zo,r) — DB(zp,r) verifies the conditions
of theorem 2. Consequently we can deduce the
statements of theorem 4. g.e.d. [

Observation 1. Because ¢' is a holomorphic func-
tion using the maximum modulus principle it is enough
to have in theorem 4 the following condition: 0 <
¢/ (2)] < m < gfor every z € C(zg,r) = {2z €
C/lz — z0| =1}

3 Discussion and conclusion

Next we give some applications for theorem 4.

Conclusion 1. Using the translation the complex
equation f(z) 0 is equivalent with the complex
equation z + f(z) = z. We can consider the com-
plex iterative function ¢(z) = z + f(z). Now we
apply theorem 4 for the iterative function ¢ and we
obtain the following result for the function f: if the
complex function f : B(zg,7) — C is a holomor-
phic function on B(zg, 1), with z9 € C and r > 0,
1+ f(z)] <m < gfor every z € B(zg,r), and
|f(20)| < (1 —/2-m) - r, then the complex equation
f(2) = 0 has a unique solution z* in the closed disc
B(zp,r) C Cand z* can be obtained as the limit of
the sequence {zi }ren, given by the iterative formula
Zk+1 = 2k + f(Zk),k‘ e N.
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Conclusion 2. Using the translation and the homo-
thety the complex equation f(z) = 0 is equivalent
with the complex equation z + w - f(z) = z,w €
C* = C — {0}. We can consider the complex itera-
tive function ¢(z) = z + w - f(z),w € C*. Now we
apply theorem 4 for the iterative function ¢ and we
obtain the following result for the function f: if the
complex function f : B(zg,7) — C is a holomor-
phic function on B(zg,1), with zg € C and r > 0,
T+w-f'(z)| <m< @foreveryz € B(zo,r), and
1f(20)] < (1—v2-m)- f]» then the complex equation
f(2) = 0 has a unique solution z* in the closed disc
B(zp,r) C Cand z* can be obtained as the limit of
the sequence {zy }ren, given by the iterative formula
Zk+1 = 2k tWw- f(Zk),k: e N.

Conclusion 3. Using the complex Newton’s transfor-
mation the complex equation f(z) = 0 is equivalent

with the complex equation z — J{,((ZZ)) = z, where we
suppose that f'(z) # 0. We can consider the com-
f(z)

plex iterative function ¢(z) = z — oL the complex
variant of the Newton’s method. Now we apply the-
orem 4 for the iterative function ¢ and we obtain the
following result for the function f: if the complex func-
tion f : B(zp,r) — C is a holomorphic function on
B(zg,1), with zg € Cand r > 0, and f'(z) # 0 for

every z € B(zo,r), and % <m < gfor
Vaom)-n

f(z0)
ooy S (-

then the complex equation f(z) = 0 has a unique solu-
tion z* in the closed disc B(z,r) C C and z* can be
obtained as the limit of the sequence {zy}ren, given
by the complex Newton’s iterative formula zy,1 =

f(zk)
2l — f’(zljc)’k e N.

every z € B(zp,r), and

Conclusion 4. Using the transformation of complex
parallel method the complex equation f(z) = 0 is
equivalent with the complex equation z — 5 - f(z) =
z, A € C*. We can consider the complex iterative func-
tion §(2) = z — 5 - f(2), A € C*, the complex variant
of the parallel method. Now we apply theorem 4 for
the iterative function ¢ and we obtain the following
result for the function f: if the complex function f :
B(zo,r) — C is a holomorphic function on B(zg, 1),
withzg € Candr > 0,1 — - f'(z)| <m < %for
every z € B(zo,7),and | f(20)| < (1—v/2-m)-r-|)l,
then the complex equation f(z) = 0 has a unique solu-
tion z* in the closed disc B(zy,r) C C and z* can be
obtained as the limit of the sequence {zy}ren, given
by the iterative formula of the complex parallel method

Zk41 = 2k — % : f(Z]g), k € N.

Conclusion 5. Using the transformation of complex
chord method, the complex equation f(z) = 0 is
equivalent with the complex equation z — f(z) -
ﬁ = z, where a € C is a fixed complex
number, z # a and f(z) # f(a) for z # a. We
can consider the complex iterative function ¢(z) =



z—a

z— f(z) - FH=f@) where a,z € C, z # a, and
f(z) # f(a) for z # a, the complex variant of the
chord method. The condition f(a) # 0 implies for
z # a that $(z) # a, too. Indeed, from equality
d(z) = awegetz— f(z ) =@ = @ whichmeans

that (z — a) - 7 ’;(“}(a) =
condition f(a) # 0 we can deduce z = a.Now we ap-
ply theorem 4 for the iterative function ¢ and we obtain
the following result for the function f: if the complex
Sfunction f : B(zo,7) — C is a holomorphic function
on B(zg, 1), with zyg € Candr > 0, and a € B(zp,)
is a fixed complex number such that f(a) # 0 and

for every z € B(zo,7) — {a} we have f( ) # f(a),
f@L e @ Emal < < Y2 for every

If(z)—f(a)?

2 € B(zo,7)—{a}, and % < (1—v/2-m)-r
with zg # a, then the complex equation f(z) = 0 has
a unique solution z* in the closed disc B(zy,7) C C
and z* can be obtained as the limit of the sequence
{2k } ken, given by the iterative formula of the complex
chord method zy 1 = 2z, — f(2k) - %, keN.

0. Consequently, from the

Conclusion 6. Using the transformation of complex
Steffensen’s method, the complex equation f(z)

0 is equivalent with the complex equation z —
2

W()Z))_M = z. We can consider the complex iter-

ative function ¢(z) = z — f(”f(é(;) oL the complex

variant of the Steffensen’s method. Now we apply the-
orem 4 for the iterative function ¢ and we obtain the
following result for the function f: if the complex func-
tion f : B(zg,7) — C is a holomorphic function on
B(zg,1), with zg € Candr > 0,

1 ={2f(2) - f'()f (= + f(2)) — f(2)]
- 2)-f (Z+f(z)) (L+f'(2) = f'(=)}
D fGE+f(R) - FRP
= N1—{f2(2)- ') +2f(2) - F'(2)- Fz+ f(2))
- )+ )0+ (2)}
[f(2+f(2))—f(2)]2|§m<g
for every z € B(zp,r), and m

(1 —+/2-m) - r, then the complex equation f(z) =0
has a unique solution z* in the closed disc B(zp,7) C
C and z* can be obtained as the limit of the se-
quence {zj}ren, given by the iterative formula of
the complex Steffensen’s method zyy1 =

2 (zk)
TE e T b €N

Zk —
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Conclusion 7. The equation z" — a = 0, where a €
C* is a fixed complex number and n € Nyn > 2 is
a fixed natural number, is equivalent with the complex
equation % - (z + ) = z,z € C*. We can consider
the complex iterative function ¢(z) = & - (z + Z%).
Now we apply theorem 4 for the iterative function ¢
and we obtain the following result: if we fix zyp € C
and r > 0 such that 0 ¢ B(zo,r) and |1 — = 1)a| <

2-m < V2 forevery z € B(z,7), and |20 — %1 | <

2-(1—v/2-

given by the iterative formula zy4, = % -(

Zn—1

n—1
%0
m)-r, then the complex sequence {zj, } pen,
— )

is convergent and tends to {/a, the complex nth rolz)t of
a € C*. We mention the particular case for n = 2 : if
we fix zg € C and r > 0 such that 0 ¢ B(zo,r), and
I1— %| <2-m < V2 forevery z € B(z,7), and
| < 2-(1—+/2-m)-r, then the complex sequence

20— £
{2k }ken, given by the iterative formula zp41 = 3 -
(21 + £-) is convergent and tends to \/a, the complex
square root of a € C*.
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