
 
   

 
 

 
 

    10.2478/amset-2023-0016 
 
 

 

 
© 2023 Author(s). This is an open access article licensed under the Creative Commons Attribution-NonCommercial-
NoDerivs License (http://creativecommons.org/licenses/by-nc-nd/3.0/). 
 

38 
 

Acta Marisiensis. Seria Technologica 

Vol. 20 (XXXIV) no. 2, 2023 

NOTE ON: “THE COMPLEX VERSION OF A RESULT FOR REAL 
ITERATIVE FUNCTIONS”  

 

Sushil Kumar BHUIYA1, Gopal DAS2,  
1 Department of Mathematics, Krishnath College (Murshidabad University) 

1, Sahid Surya Sen Road, Gora Bazar, Berhampore, West Bengal, India 742101 
1skbhuiyamu@gmail.com 

2Department of Mathematics, Murshidabad University 
 1, Sahid Surya Sen Road, Gora Bazar, Berhampore, West Bengal, India 742101 

2dasgopalmath2000@gmail.com 
 
 

Abstract 

Finta [2], recently proposed a complex version of iteration procedures for holomorphic functions. The 
general theorem of the complex iteration function has developed by using the complex mean value 
theorem and discussed several iterative procedures for holomorphic functions. In this paper, we 
redevelop the general theorem of the complex iteration function by applying the fundamental theorem of 
the complex line integral. It is shown that all the results derived in the paper of Finta have been 
improved by the results of this paper. 
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1. Introduction 

       Numerical methods for finding the root of real-valued 
functions have been an important topic to study. It is 
known the following result for iterative functions on the 
real line. 

Theorem 1. (General Theorem for Real Iterative 
Functions [2, 8]) If  is derivable on the interval J 

= ],  > 0 and the derivative function  

satisfies the inequality  for every 

 J and the point  verifies the 

inequality , then: 

- we can form the sequence  with the 

iterative rule ,  such that for 

every  we have  J; 

- there exist  such that  J; 

-  is the unique solution of the equation 

 in the interval J.  
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The  general  theorem  for  real  iterative  functions  has 

extensively been applied to develop several root‐finding 

methods  for  real‐valued  functions  [3,4,6,7,10].  In  the 

complex field, the holomorphic version of the mean value 

theorem was proposed by Evard and Jafari [1]. Finta [2] 
adopted the complex mean value to develop the iteration 
methods for complex-valued functions. Consequently, in 
[2], Finta proved  the complex version of  the  theorem 1 

by  denoting  the closed disc 

in the complex plane ℂ, 

with centre  and radius  and using the following 

Banach fixed point theorem in the case of the closed disc 
: 

Theorem 2. Let  be a contraction, 

i.e., there exists the constant  [0,1) such 

that for every 

. Then the function  has a unique fixed 

point in , which can be obtained as the limit of the 

sequence  given by the iteration , 

, for every  [2]. 

 Proof: Because  ⸦ ℂ is a closed disc in the 

complex plane ℂ, will be a Banach space, too. Now, we 
apply the Banach fixed point theorem for the 
function . Hence, the proof.  

Theorem 3. (General Theorem for Complex Iterative 
Functions [2]) If  is a holomorphic 

function on the closed disc , such 

that the derivative function  satisfies the inequality 

 for every  and the 

point  verifies the inequality 

, then: 

- we can form the sequence  with the 

iterative rule ,  such that for 

every  we have   ; 

- there exists the limit of the sequence  and 

 ; 

    ‐   is the unique solution of the equation 

 in the closed disc  .   

The purpose of this study is to improve the above theorem 
by using the fundamental theorem of line integration. 
Consequently, we obtain some important iterative 
procedures in the complex domain. 

2. Main Result 

In this section, we redevelop the general theorem for 
Complex iterative function by using the fundamental 
theorem of line integral. First of all, we recall the 
definition of holomorphic function. We say that the 
function   is holomorphic function on the 

closed disc , if it is complex derivable in every 

complex point . If the point  is a boundary 

point of the closed disc , then we suppose that the 

complex function  is defined on a small open disc with 

centre  and it is complex derivable in . 

Theorem 4. (Fundamental Theorem of Complex Line 
Integrals [5])             

If  is a complex holomorphic function on an open 

region  and  is a curve in  from  to  then  

                     . 

Theorem 5. (Improved General Theorem for Complex 
Iterative Functions) If  is a holomorphic 

function on the closed disc , such 

that the derivative function  satisfies the inequality 

 for every   and the 

point  verifies the inequality 

, then: 

- we can form the sequence  with the 

iterative rule ,  such that for 

every  we have   ; 

- there exists the limit of the sequence  and 

 ; 
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    ‐   is the unique solution of the equation  in 

the closed disc  .   

Proof: For any , we get the following by 

applying the fundamental theorem of line integration. Let 
be the line segment between  and , then 

 

                                  

                             

                          [∵ ] 

                    

[∵ [0, 1]] 

                  . 

Therefore . Now, we show 

that  ⸦ , i.e., . 

Indeed, for every  we obtain:                                                            

           =  

                    

           +  

                  +  

                  = . 

Again, for every , we get 

. We choose  and 

the complex function satisfies the 

conditions of theorem 2. Consequently, we can deduce the 
statements of theorem 5. Hence, this completes the proof. 

Observation 1. It is clear that the result which we find by 
applying the fundamental theorem of line integration is 
better than the result obtained by the theorem 3. 

3. Discussion               

In this section, we discuss some applications of the result 
which is obtained in theorem 5. It is noted that all results 
are improvement of the results derived in [2]. 

Result 1. Using the translation, the complex equation 
 is equivalent with the complex equation 

. We can consider the complex iterative 

function . Now we apply theorem 5 

for the iterative function  and we obtain the following 

result for the function  if the complex function 

 is a holomorphic function on , 

with , for every 

, and , then the 

complex equation has a unique solution  in 

the  closed disc ⸦  and  can be obtained as 

the limit of the sequence  , given by the  iterative 

formula  . 

 
Result 2. Using the translation, the complex equation 

is equivalent with the complex 

equation . We can 

consider the complex iterative 
function . Now we apply 

the theorem 5 for the iterative function  and we obtain 

the following result for the function  if the complex 

function  is a holomorphic function on 

, with ,  

for every , and  , then 

the complex equation has a unique solution  

in the the closed disc ⸦  and  can be obtained 

as the limit of the sequence  given by the iterative 

formula   .  

 
Result 3. Using the complex Newton’s transformation, 
the complex equation  is equivalent with the 
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complex equation , where we suppose 

that . We can consider the complex iterative 

function , the complex variant of the 

Newton’s method. Now we apply theorem 5 for the 
iterative function  and we obtain the following result for 

the function  if the complex function  is 

a holomorphic function on , with , 

and for every , and 

 for every , and 

, then the complex equation 

 has a unique solution  in the  closed disc 

⸦  and  can be obtained as the limit of the 

sequence  , given  by  the  complex Newton’s 

iterative formula  . 

 
Result 4. Using the transformation of complex parallel 
method, the complex equation  is equivalent 

with the complex equation 
. We can consider the 

complex iterative function  , 

the complex variant of the parallel method. Now we apply 
theorem 5 for the iterative function  and we obtain the 

following result for the function  if the complex function 

 is a holomorphic function on , 

with and ,  for 

every , and , then 

the complex equation  has a unique solution  

in the closed disc ⸦  and  can be obtained as 

the limit of the sequence   , given by the iterative 

formula  of the complex parallel method 

.  

 
Result 5. Using the transformation of complex chord 
method the complex equation  is equivalent 

with the complex equation , where 

 is a fixed complex number  and 

 for .We can consider the complex 

iterative function , where 

 and  for , the 

complex variant of the chord method. The condition 
 implies for  that , too. Indeed, 

from equality , we get , 

which means that . Consequently, 

from the condition  we can deduce . Now 

we apply theorem 5 for the iterative function  and we 

obtain the following result for the function  if the 

complex function  is a holomorphic 

function on , with and and 

 is a fixed complex number such that  

and  for every  we 

have , 

 for every 

 , and  with 

, then the complex equation  has a 

unique solution  in the  closed disc ⸦  and  

can be obtained as the limit of the sequence  , 

given  by  the  iterative  formula  of the complex chord 

method . 

 
Result 6. Using the transformation of complex 
Steffensen’s method, the complex equation  is 

equivalent with the complex equation 

. We can consider the complex 

iterative function , the complex 

variant of the Steffensen’s method. Now we apply 
theorem 5 for the iterative function  and we obtain the 

following result for the function  if the complex function 

 is a holomorphic function on , 

with and , |1– 

 

| ≤ m < 1 for every , and 

, then the complex 
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equation  has a unique solution  in the  closed 

disc ⸦  and  can be obtained as the limit of 

the sequence , given by  the  iterative  formula  of 

the complex parallel method 

. 

 
Result 7. The equation , where  is a 

fixed complex number and ,  is a fixed 

natural number, is equivalent with the complex equation 

, . We can consider the 

complex iterative function .Now we 

apply theorem 5 for the iterative function  and we obtain 

the following result : if we fix  and  such that 

 and  for every 

, and . Then the 

complex sequence , given by the iterative formula 

 is convergent and tends to  , the 

complex   root of .We mention the particular 

case for  : if we fix and  such that 

, and  for every , 

and , then the complex sequence 

, given by the iterative formula 

 is convergent and tends to  , the 

complex square root of . 

 
4. Conclusion 
In this paper, we have considered the complex version of 
a result for real iterative functions. We have reconstructed 
the general theorem of the complex iteration function by 
applying the fundamental theorem of the complex line 
integral to improve the existing results. Moreover, several 
numerical schemes form complex valued functions have 
been updated by using our reconstructed theorem. For 
future research on this work, it would be interesting to 
apply the proposed concepts in the complex conformable 
functions [9].    
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