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Abstract

The purpose of this paper is to demonstrate that a Diophantine alge-
braic system has finite number solutions.
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1 Introduction yi, © = 1,2,3 and in this way finally we can deduce
all 97 different solutions of (1) in the set of natural

In [1] we can find the following open question: de- numbers.
termine all 2,y € N such that Now we announce a direct generalization of this
system: for every fixed n,m € N\ {0} determine all

{$1+x2+x3=y1~y2-y3 (1) 25,91 €N, k=1,n,1=1,m such that
Y1+ Y2 +y3 =11 T2 T3.
' . {x1+xz+-.-+xny1~y2~---~ym @)
In [2] we showed that this system has finite num- Y1 +ye+ .. Yy =21 T ... T,

ber solutions in the set of natural numbers and we

solved this system in algebraic way by hand calcu- We solved this system by hand caleulus for n,m €

lus and we obtained 97 different solutions in the set {1,2,3} in [3]:
of natural numbers: 1. if n = m = 1, then we obtain the trivial system
1 =1y €N;
(:L‘lvx27$3ay17y2ay3) € {(Oa0a0707070)7 ! v
(1,2,5,1,1,8); (1,1,8,1,2,5); (1,3,3,1, 1, 7); 2. if n = 1,m = 2, then we find two solutions
) b b b b ) b b ) b b b ) b b b b ) O 0 O 4 2 2 .

(171’771,373);(2,27271,1,6); (171,6,2,2,2), (IlayhyQ) € {( s Uy )}7( ) 4y )}7
(1,2,3,1,2,3)}. 3. if n = 1,m = 3, then we find seven different

solutions of the system:

In order to obtain all solutions of the system (1) we
permute the values x;, i = 1,2, 3 and separatelly the (1, 91,42, 93) € {(0,0,0,0)},(6,1,2,3),
values y;, 1 = 1,2, 3, after we combine every permu- (6,1,3,2),(6,2,1,3),(6,2,3,1),(6,3,1,2),
tation of x;, ¢ = 1,2,3 with every permutation of (6,3,2,1)};
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4. if n = 2,m =1 is similar with the case 2;
5. if n = m = 2 we find ten different solutions:
(xlv €2, Y1, yQ) € {(07 07 Oa 0)}7 (27 3a 17 5)7

(2,3,5,1),(3,2,1,5),(3,2,5,1),(1,5,2,3),
(1,5,3,2),(5,1,2,3),(5,1,3,2),(2,2,2,2) };

6. if n = 2, m = 3 we have nineteen different so-
lutions of the system:

(x1,22,91,Yy2,y3) € {(0,0,0,0,0)},(1,7,1,2,4),
(1,7,1,4,2),(1,7,2,1,4),(1,7,2,4, 1),
(1,7,4,1,2),(1,7,4,2,1),(7,1,1,2,4),

(7, 1,1,4, 2), (7, 1,2,1,4),(7,1,2,4, 1),
(7,1,4,1,2),(7,1,4,2,1),(2,4,1,1,6),
(2,4,1,6,1),(2,4,6,1,1),(4,2,1,1,6),
(4,2,1,6, 1), (4, 2,6,1, 1)};

7. if n =3, m = 1 is similar with the case 3;
8. if n = 3,m = 2 is similar with the case 6;

9. if n = 3,m = 3 we have 97 different solutions
presented above.

2 Main part

First of all we present the following results: let us
consider the Diophantine algebraic equation in the
set of natural numbers:

T1+ o+ ...+, =A-x179... 7, (3)

where z; € N for every ¢ = 1,n are the unknowns
and A € N is a fixed natural number.

Proposition 1. The equation (3) has finite number
solutions in the set of natural numbers for n > 2.

Proof. If A =0, then z1 + x2 + ...+ z,, = 0 with
the banal solution z; =29 = ... =z, = 0.

Next let be A > 1. If there exists ¢ = 1,n such
that x; = 0 then we obtain 1 +zo+ ...+ 2z, =0
with the banal solution 1 = 29 = ... = z,, = 0.
So we can suppose for every ¢ = 1,n, that z; # 0.
This means x; > 1 for every i = 1,n. Without loss
of generality we can suppose 1 < 7 < x3... < Ty
By permutation we can obtain all solutions of the
Diophantine algebraic equation (3).

We mention the case n = 1 and from (3) we get
the equation 1 = A - xy. If A = 1, then we have
infinite solutions and if A > 2 we receive one root
xr1 = 0.

Next let be n > 2. We have two cases:

a) From 2,1 <nwededucel <1 <zy<... <
Tn_1 < m. We can observe that there exist finite
number selections of the unknowns 1, zo, . ..
suchthat 1 <z <az9 < ... <zp_1 <n.

s Tp—1

For a fixed selection of the unknowns
T1,%2,...,Lp_1 such that 1 < z; < x5 <

. < zp—1 < n from (3) we obtain an equation
in the unknown z,,. We can see immediately that
this equation in the unknown =z, is an algebraic
equation of the first degree. Indeed,

1+t . FTp_1 =xn (A 21 -29... 251 —1).

IfA-zy-290-...-2p_1 =1then A =2, =25 =
c.=Zp1=1sox14+x2+... 42,1 =n-—1, ie.
n — 1 = 0, which is a contradiction with n > 2. If
A-xy-21-... 2, # 1, then for x, we obtain one
rational solution. We have at most one solution for
T, in the set of natural numbers. Finally we can
conclude that in this case our Diophantine equation
(3) has finite number solutions in the set of natural
numbers.

b) If 2,1 > n results z,—1 > n + 1. We divide
the Diophantine equation (3) with 1 - zo - ...z,
and we get the form

1 1
A= + +...+
o X3 ... Tp 13- ... Tp
1
+ +
L1-X2 ... Tp—-3 " Tnp—-1""Tn
1
+ +
Ty T2 ... Tp-2"Tn
1
+ .
Ty -T2 - *Tn—3 " Tn—-2 " Tn-1

But in this case 1 < z1 < 25 < ... < z,_9 and
n+1 < x,_1 < x,, 0 we can majorize the right side
of the equation from above taking possible minimal
values for the unknowns:

1<AL L + ! +...+;

T (n+1)2 (n+1)? (n+1)2
1 1 n-2 2

o n+l (m+1)? n+l

- n—=24+2n+1)  3n

B (n+1)2  (n+1)2 <L

because 3n < (n+1)2, which is equivalent with the
inequality n- (n — 1) +1 > 0.

This is true for n > 2 and means we do not have
solutions.

Consequently our Diophantine algebraic equation
(3) has finite number solutions in the set of natural
numbers. O

Remark 1. If A = 1 then from proposition 1 we
obtain the equation x1 +xo+ ...+ =21 -22...-
Ty, which has finite number solutions in the set of
natural numbers for n > 2.

Remark 2. For A =1 and n > 2 fixed natural
number such that 1 < x1 < x9 < ... < Tp_2 < xp_1
andn+1<z,_1 <z, wegetzy+x2+...+2, <
X1 ... Tp.
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Remark 3. For A = 1 and n = 3 we ob-
tain the problem 1 + o + T3 = T1Tox3
proposed  for  mathematical  olimpiad  [4]
and we have 7 solutions (x1,x2,Ts3) €
{(0,0,0),(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),
(3,2,1)}.

Remark 4. For A = 1 and n = 4 we obtain the
Diophantine equation x1+xo+x3+T3 = T1-T2-X3:Ty
and we solved in [5] by hand calculus and we get 13
different solutions in the set of natural numbers:

(x17x271.37x4) S {(0707 07 0)7 (2747 1) ]-)7 (27 1747 1)7
(23 17 174)7 (45 27 17 1)’ (47 17 27 1)3 (47 17 17 2)5 (17 274a 1)7

(17 27 174)’ (1) 47 17 2)’ (1747 27 1)’ (17 17 2’ 4)) (17 174’ 2)}'

Next we generalise proposition 1.
Let us consider the following Diophantine alge-
braic equation in the set of natural numbers:

1 +xo+...+x,+B=A4A21 -29...2, (4)

where z; € N for every ¢« = 1,n are the unknowns
and A, B € N are fixed natural numbers.

Proposition 2. The equation (4) has finite number
solutions in the set of natural numbers for n > 2.

Proof. 1. 1f A =0, then 1 + 2o+ ...+ 2, + B =0.
If B = 0 then we obtain the banal solution z; =
r9 = ...=x, = 0. If B> 1 then we do not have
solutions.

II. Next let be A > 1. If there exists i = 1,n such
that x; = 0 we obtain 1 + 22 + ...+, + B=0.
If B = 0 then we obtain the banal solution z; =
ro =...=x, = 0. If B > 1 then we do not have
solutions. So we can suppose for every i = 1,n
that x; # 0. This means x; > 1 for every i = 1,n.
Without loss of generality we can suppose 1 < 7 <
zo < ... < x,. By permutation we can obtain all
solutions of the Diophantine algebraic equation (4).

We have the following subcases when A > 1 :

IL.1. If B =0 from equation (4) we reobtain the
equation (3). Using proposition 1 we can deduce
that our equation has finite number solutions in the
set of natural numbers for n > 2.

I1.2. If B > 1 we make the discussion correspond-
ing to n.

I1.2.a. In the first case n = 1 and from (4) we get
the equation z1 + B=A-21. If A=1and B=0
we have infinite solutions. If A = 1 and B > 1
we do not have solutions. If A > 2 them from the
equation 1 + B = A - £ we obtain z; = %, SO
we have at most one natural number solution.

I1.2.b. In the second case n > 2 and the equation
(4) we put in the form

1414... 4142 +a9+... 42

=A-1-1-...-21-22-... Ty,

where the number 1 appears B times in the above
equation. We denote 21 = 29 = ... = 2z = 1,

ZB41 = T1, 2B42 = X2,..., ZBtn = Tn, and we

obtain the equation

Z1+ 22+ ...tz +2B41 +2B42+ ...+ 2B4n

=A-21-20... ZB ZB41 " ZB42 " - ZB4n,
where

1

IAIA

21 <22 <...<zp < zpt1 < Zpyo
o <

ZB+n-

Using proposition 1 we have finite number solu-
tions in the set of natural numbers. O

Remark 5. For B = 0 from proposition 2 we re-
obtain proposition 1.

Remark 6. For A = B = 3 I proposed the problem
r1+ 22+ 23+ 3 =321 22 x3 for mathematical
competition. This Diophantine equation does not
have solution in the set of natural numbers.

3 Conclusions

We finish our work with the following proposition.

Proposition 3. The Diophantine system (2) has
finite number solutions in the set of natural numbers
for nym € N\ {0} excepting n =m = 1.

Proof. Now let us consider the system (2) for the
casen=1and m > 2

T1=Y1-Y2" .- "Ym (5)
Yy1+y2+ ... +ym =21,

SOYr+Y2t. ...t Yn =Y Y2 .- Ym-

Using remark 1 we have finite number solutions
in the set of natural numbers. Analogously for the
case m=1and n > 2.

Remain to verify the system (2) when n > 2 and
m > 2.

If z,,—1 < n we eliminate from the system (2) the
unknown z,, :

Tn=Y1 Y2 Ym — (X1 + T2+ ...+ Tp_1),
SO
Y1+yY2+...+Yp =1 T2 ... Tp_1"
'[yl'y2'-~-'yTrL_($1+$2+...+l‘n_1)}.

Let us denote A = 21 - 29+ ... 2,1 and B =
T - To “ZTp—1 - (1 + 29+ ...+ xp_1). Using
1<z <29 <...<2,-1 <n means that we have
finite number possibilities for the values A and B.
We get

y1+ye+ ...+ Y +B=A-y1 Y2 .. Ym-

Using proposition 2 we obtain finite number solu-
tions for this equation in variables y1,¥y2,. .., Ym.
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Consequently the unknown x,, will take finite num-
ber natural values.

Analoguesly, when y,,—1 < m.

So the system (2) has finite number solution for
Tn_o1 <N Or Ym_1 < m. Remains the case, when
Tpn1 >n+1and yp_1 > m+ 1. From z,_1 >
n+1 and y,,—1 > m + 1 we deduce using remark 2

1+ T+ ... +x, <xy-Toc... Ty and y; +ys +
e+ Ym <Y1-Y2:...-Ynm. Hence x1 -2+ ... -2, >
Ti+Tot+.. . +Tp =Y1-Y2-- - Ym > Y1 Y2+ A Ym,
which gives a contradiction. O
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